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Introduction 

£ 

Milnor's fibration theorem in H3 ED| states that if (R n+fc , 0) A (R fc , 0) is the germ of a 
real analytic map with an isolated critical point at the origin, then for every sufficiently 
small sphere S e = <9B £ around G R n+fc one has that the complement S £ \ K of the link 
K = / _1 (0) H S e fibres over the circle S 1 . The proof of this result is by noticing first 
that for 5 > sufficiently small the tube / _1 (Sj) PI B e fibres over the circle S} C C of 
radius 5, and then constructing a vector field that "inflates" this tube taking it into the 
complement of (a regular neighbourhood of) the link in the sphere. When the map / is 
from C" into C and is holomorphic, Milnor shows that one actually has a much richer 
structure: 

i) first, one does not actually need to have an isolated critical point of / to have such a 
fibration ; 

ii) in this case the projection map <p '■ S e \ K — > S 1 can be taken to be the obvious map 
cf) = f /\f\ (as Milnor shows in his book, this statement is false in general when / is not 
holomorphic, even if one does have a fibration); 
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iii) the fibres F of <f> are parallelizable manifolds with the homotopy type of a CW-complex 
of dimension (n — 1), and the link K is (n — 3)-connected. 

The geometry of these fibrations associated to holomorphic singularity germs has given 
rise to a rich literature, as for instance the theory of fibred knots and links, open book 
decompositions, the results of Lawson and others about codimension 1 foliations, etc. This 
is not the case for the real analytic germs. There are various reasons for this, in particular 
because it is difficult to find examples of real analytic singularities with an isolated critical 
point, and it is even harder to study their underlying geometry (the topology of the link 
and of the fibres, the monodromy,...). Several natural -related- problems arise: i) find 
examples of real analytic germs with isolated singularities and describe their underlying 
geometry; ii) relax the conditions in Milnor's fibration theorems for real singularities in 
order to include larger families; and iii) study which fibred links (and multilinks) can be 
realized by real analytic singularities. 

These questions have been addressed by several authors in various ways. For instance 
Looijenga in ^7] realized fibred links which do not come from complex singularities. In 
[2*lj Perron realizes the eight knot as the link of a real analytic map R 4 — ► R 2 , and Lee 
Rudolph [29J gives another (simpler) algebraic construction of this knot. In [3] Akbulut 
and King proved that every knot (and every link) in a sphere can be realized by real 
algebraic equations; this result was later improved in [23] , getting a better description of 
the method for obtaining the specific equations for a given knot. In pQ A'Campo showed 
that the real mapping R 4 = C 2 — > R 2 = C given by (zi,z 2 ) | — » ^1^2(^1 + -22) defines 
an isolated singularity with a Milnor fibration which is not equivalent to a fibration of a 
complex singularity. In [3X| (see also jHHlE21) Seade proves that the singularities defined 
in R 2n = C n by z^z ai + • • • + z^ n z Un1 Oj > 1, where (ci, • • • , a n ) is any permutation of 
(1, • • • , n), define isolated singularities with a Milnor fibration. In j2Hj is studied the case 
h(zi,z 2 ) = z^ 1 z 2 + z 2 2 z\ describing their topology and proving (together with [25J) that the 
corresponding fibration is equivalent to the fibration defined by (21,22) l— > z\z 2 {zl 1+1 + 
z 2 2+1 )i which are singularities of the same type as A'Campo's example. This type of 
singularities also appear in Lee Rudolph's paper |22| , whose work suggested that if /, g 
are holomorphic map-germs (C 2 ,0) — ► (C,0) with an isolated critical point at and no 

common branch, then the map (C 2 , 0) (C, 0) has an isolated critical point at if and 
only if the link Lfg = Lf — L g is a fibred link, where Lf and L g are the the links of 
the corresponding singularities in C 2 , endowed with their natural orientations. This was 

proved by Pichon in where she also proved that if (C 2 ,0) 5 (C,0) has an isolated 
critical point at 0, then the underlying Milnor fibration is an open book fibration of the 
oriented link Lfg given by the obvious map f~g~/\f~g\ in a neighbourhood of Lfg. This 
enables us to realize a large family of fibrations of plumbing links in S 3 as the Milnor 
fibrations of real analytic germs fg. 

These results arose our interest in studying singularities of the type fg where /, g are 
both holomorphic functions (C n ,0) — > (C,0). An obvious problem is that if n > 2 then 
the zero-sets of / and g will be hypersurfaces that necessarily meet in an analytic set of 
dimension > 0; thus G C n may not possibly be an isolated critical point of fg. However 
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simple examples (see section 1 below) show that G C is often an isolated critical value 
of f~g. This motivated the following theorem, which says that Milnor's fibration theorem 
for complex singularities, together with statements (i)-(iii) above, remains valid for these 
singularities: 

Theorem 1. Let X be a complex analytic variety of dimension n > in an open set in 
C N , with an isolated singularity at 0, and let f,g : (X, 0) — > (C,0) be holomorphic maps 
such that the real analytic map 

fg:(X,0)^(R 2 ,0) 

has an isolated critical value at G R 2 . Let Cx = X n S £ be the link of in X (so it is 
a smooth manifold of real dimension (2n — 1)), and let Lf g = (/<7) _1 (0) fl Cx be the link 
°f fg i> n £x- Then the map: 

<!>■■= j|| = — s'cc 

is the projection of a C°° (locally trivial) fibre bundle, whose fibres Fg are diffeomorphic to 

o 

the complex manifolds (f '/ g)^ 1 (t)r\ D e , where t G C is a regular value of the meromorphic 

o 

function f/g and D £ is the interior of the disc in C N whose boundary is S £ . Hence each 
fibre has the homotopy type of a CW-complex of dimension (n — 1). Moreover, if the 
tangent bundle of X \ {0} is trivial (for instance if X = C n ), then the fibres of <fi are 
parallelizable manifolds. 

It is clear that the link Lfg of fg equals the link Lf g of the complex singularity 
{fg — 0} as unoriented manifolds, hence Lfg is (n — 3)-connected when X is C n (by [201 
5.2]). Notice also that on C x \Lfg the map <p coincides with t^t, so Theorem 1 can be 
regarded as a fibration theorem for meromorphic map-germs. 

This theorem is also valid and interesting when n = 2, and the investigation of that 
situation takes sections 4-7 below. We show that the statement of Theorem 1 can be made 
much stronger in this case. Notice that we do not ask here that / and g have an isolated 
critical point at 0. This means that each branch of the curve X fl {/ _1 (0) U (^(O)} may 
have a certain multiplicity > 1 and the intersection L = X fl {/ _1 (0) U^ _1 (0)} fl S £ with 
a small sphere can be regarded as a multilink (c.f. [7j): 

L = (n\Ki U • ■ ■ U n r K r ) (— n T+ iK r+ i U ■ • ■ U —n r+s K r+s ) , 

where K\, ■ • ■ ,K r are the components corresponding to the branches of /, K r+ i, • • ■ , K r+S 
those of g, the are the corresponding multiplicities, and for the components correspond- 
ing to g we take the negative multiplicity because they get the opposit orientation (see 
section 4 for details). Our main result in this direction is (Theorem 6.2): 

Theorem 2. Let (X,p) be normal complex surface singularity and let f : (X,p) — > (C, 0) 
and g : (X,p) — ► (C,0) be two holomorphic germs without common branches. Then the 
following three conditions are equivalent: 
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(i) the real analytic germ fg : (X,p) — > (R 2 ,0) has as an isolated critical value at 0; 

(ii) the multilink Lf — L g is fibred; 

(iii) the multiplicities corresponding to f and g are distinct at each rupture vertex of the 
dual graph of a resolution of the curve X n {/ _1 (0) U^ _1 (0)}. 

Moreover, if these conditions hold, then the Milnor fibration -& : Cx \(LfU L g ) of 
fg is a fibration of the multilink Lf — L g . 

The third condition above is very simple to check and gives an amazingly easy criterion 
to decide whether or not the other two conditions are satisfied. 

The proof of Theorem 2 uses our Theorem 1 above, together with a generalization of 
a theorem of D. Eisenbud and W. Neumann [7] concerning fibred multilinks in general 
(section 4), the study in section 5 of the geometry of the map JJL near the link Lf g , similar 
to that in and the use (in section 6) of the discriminantal ratios introduced in [T4*j . 

In section 7 we use the previous results and the main theorem in j2ZI to prove the 
following realization theorem for multilinks: 

Theorem 3. Let M be a plumbing 3-manifold and let L\ and L2 be two plumbing multi- 
links in M with positive multiplicities which verify the following conditions : 

1. the three multilinks L\ U (— L 2 ), L\ and L 2 are fibred; 

2. M is either S 3 or homemorphic to the link Lx of a taut surface singularity (X, p) . 
Then, there exist two holomorphic germs f,g : (X,p) — > (C,0) without common branches 
such that L\ (and L 2 ) is the multilink of f (respectively g); Li U (—L 2 ) is the multilink 
associated to the real analytic germ fg : (X,p) — > (C,0); and 

ill : £ X \(L 1 U(-L 2 ))^S 1 , 

is a fibre bundle that realizes L\ U (—L 2 ) as a fibred multilink. 

We recall [T3j that a complex surface singularity is taut when its topology determines 
the analytic structure. This applies, for instance, to all rational double and triple points, 
as well as to the cyclic (cusp) singularities of Hirzebruch. 

This means in particular that fg has as an isolated critical value and that the Milnor 
fibration of f~g is a fibration of the multilink L\ U (— L 2 ). Notice that theorem 4.1 enables 
us to check whether a plumbing multilink in a 3-manifold is fibred or not. Moreover, when 
it is fibred, then the results of f25| enable us to compute explicitly the genus of the fibre 
and the underlying monodromies. See for instance [2H] for these computations in some 
examples. 

The first part of this article, sections 1 to 3, are devoted to studying generalisations 
of Milnor's fibration theorem in all dimensions. Section 1 proves a fibration theorem for 
real analytic map-germs (X, p) — > (R fc ,0) which have an isolated critical value at and 
satisfy Thorn's a/-condition for some Whitney stratification of the complex analytic space 
X; we give several examples of such maps. This section is largely indebted to [IH], an 
unpublished article by J. Milnor which was pointing towards his fibration theorem in [20] 
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(finally proved in a different way). In section 2 we prove that if the real analytic map is 
of the form f~g with /, g holomorphic complex valued functions and fg has an isolated 
critical value at £ C, then one has a fibre bundle: 

as in Theorem 1 above. In section 3 we prove that with the conditions of section 2 one 
always has a fibre bundle as in section 1, and this fibre bundle is equivalent to that of 
section 2. A consequence of this equivalence is that the fibres of (f) are diffeomorphic to 
Stein manifolds in an affine space, and therefore the theorem of Andreotti-Frankel [2] 
implies the statements in Theorem 1 about their topology. The final statement about the 
parallelizability of the fibres follows from general arguments given in [TT] . 

A key point for the arguments in sections 2 and 3 is to notice that away from the 
link Lf g the map = ■& equals the map rjf^\ an d therefore one can mimic the proof of 
Milnor in [20], replacing holomorphic functions by the meromorphic one f/g. 



1 Milnor 's fibration and the Thorn a/-condition 

Let U be an open neighbourhood of in H n+k and let X C U be a real analytic variety 
with an isolated singularity at 0. Let / : (U, 0) — > (R fc , 0) be a real analytic germ which is 
generically a submersion, i. e. its jacobian matrix Df has rank fcona dense open subset of 
U. We denote by / the restriction of / to X. Let us recall some concepts that go back to 
the work of R. Thorn and others (see for instance [Sj). We say that x £ X\{0} is a regular 
point of / if Df x : T X X — > R fe is a submersion. This means that x is not a critical point 
of / and the kernel of Df x is transverse to the tangent space T X X. A point in X which is 
not a regular point of / is said to be a critical point. A point y £ R fe is a regular value of 
/ if there are no critical points of / in f~ 1 (y); otherwise we say that y £ R fe is a critical 
value of /, which means that there exists a critical point x £ X such that f(x) = y. We 
say that / has an isolated critical value at £ R fc if there is a neighbourhood D,5 of 
in R fc so that all points y £ D$ \ {0} are regular values of /. In the last chapter of his 
book [20J Milnor proved a fibration theorem for real analytic singularities with an isolated 
critical point at the origin. Our aim in this section is to extend that result to (certain) 
real singularities with an isolated critical value at the origin. Let us motivate this with 
some examples. 

1.1 Examples, a) Consider first the map / : R 4 = C 2 — ► R 2 = C defined by: 

f(x,y) = xy(x p + y q ) . 

This can be written as / = (fi, / 2 ) where fi = \{f + f) and f 2 = ^(f — f) are its real and 
imaginary parts. A straight-forward computation shows that / has an isolated critical 
point at £ R 4 if p, q > 1 and not both of them are 2. In this case Milnor's condition to 
have a fibration holds (c.f. 125]). 
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b) Consider now the map C 2 — > C defined by f(x,y) = x 3 (x 2 + y 3 ). In this case the 
critical set of / is the axes {x = 0}. Hence its critical points are non-isolated, but G C 
is its only critical value. 

c) Now let h : R 2n ^ C n -> R 2 = C, n > 1, be defined by h = fg where / is the 
Pham-Brieskorn polynomial 

/(*!,■•• ,z n ) = {zf + •••#*) , a, > 2, 

and • • • , z n ) = Zi---z n . Writing h = (/ii,/i2), where /ii and /12 are its real and 
imaginary parts, a straight-forward computation shows that the rank of the corresponding 
jacobian matrix is less than 2 if and only if the following conditions are satisfied: 

i) \g\ Wi z T\ = \9\ l/l > i = ,n ; 

ii) aiz1 l Zk = cijZj 3 Zk , for all distinct k (if n = 2 just delete Zfc in both sides of 
the equation); and 

iii) aidjZ^z'* 3 \g\ 2 = \g\ 2 \ f\ 2 , for all distinct 

For points in C n \ {/p = 0} the third set of equations follows from the others and the 
conditions reduce to: 

i) 10^1 = 1/1, % = 1, ■ ■ ■ ,n ; and 

ii) cijz" 4 = cijZj 3 , for all distinct 

Then an easy computations shows that if the a« satisfy: 

a\ a n 

then G R 2 is an isolated critical value of h. Notice that for n = 2 this condition is 
satisfied whenever one is more than 2. For n = 3 the condition is satisfied whenever 
the unordered triple (p,q,r) is not (2,3,6), (2,4,4) or (3,3,3). 

Let / : ({7,0) — ► (R fe ,0) be again a real analytic map, and assume / = f\x has an 
isolated critical value at G R fc . We set V = / _1 (0) = / _1 (0)nl. According to [101121, 
there exists a Whitney stratification (y a ) a£ A of U adapted to X and V. 

1.2 Definition. The Whitney stratification (V a ) a& A satisfies the Thorn aj condition with 
respect to the map / if for every sequence of points {x n } G X \ V converging to a point 
xq in a stratum V a C V such that the sequence of tangent spaces T Xn (f~ 1 (f(x n )) has a 
limit T, one has that T contains the tangent space at xq of V a , T XQ V a C T. 

Since the Whitney stratification (V a ) a& A has finitely many strata containing in its 
closure, essentially by one has that each sufficiently small sphere S e intersects each 
stratum V a transversally and the homeomorphism type of the intersection K e = V D S e 
does not depend on e (c.f. [HUE])- By Thorn's transversality, if the stratification satisfies 
the a/-condition, then given such e one has that for every small disc in R fc centred at 
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and t G D,,, the level surface / x (t) also intersects transversally the sphere S £ . Let us 
set N(e,7}) = / _1 ( D ^) n B s, where D,, is a small disc in R fc centred at and B e is the 
ball bounded by S £ . Let T SiV = N(e,r)) fl S £ , so it is an algebraic neighbourhood of the 
link K £ in the sense of 0. We refer to N(e, rf) as a Milnor tube for /. 

The following result is an extension of Milnor 's fibration Theorem (213 11.2]. This 
result is certainly known to various people and the first part of it is implicit in [15J, but 
we did not find it explicitly stated in the literature so we include it here with a short 
proof (which is essentially Milnor's original proof of his fibration theorem in [T§]). 

Theorem 1.1 Let the analytic map f : X — > R fc have G R fc as an isolated critical value 
and assume there exists a Whitney stratification (V a ) a& A which satisfies the Thorn aj- 
condition with respect to f . Then for every e > sufficiently small and rj > sufficiently 
small with respect to e, the map 

f:N(e,r))\V^T> v \{0}, 

is the projection of a locally trivial fibre bundle. This induces a fibre bundle projection: 

(f> : S £ \ Int(T etV ) — > S*- 1 = 0D„ , 

which restricted to the boundary dT £yV = / _1 (5'^~ 1 ) fl S e is the map f . 

Proof. Since the stratification is Whitney, one may consider that there are only finitely 
many strata having in its closure, and choose a small enough sphere S £ around 
that intersects all strata transversally (and so does every other smaller sphere around 0). 
Since the Whitney stratification satisfies the a^-condition, we can choose rj > sufficiently 
small so that for each t G \ {0} the fibre / _1 (t) intersects S £ transversally. Setting 
N(e,rj) = / _1 (D r) ) fl B e as above, the first Thorn-Mather isotopy theorem implies that 
the map: 

/ : N{e, V ) - S k n - 1 , 

is a locally trivial fibre bundle, proving the first claim in the theorem. This is also a direct 
application of Ehresman's fibration Theorem. 

Now let fi,...,fk be the components of / and define a function 

r{x) = fl{x) + ... + fl{x). 

Let Vr be its gradient. The level surfaces r _1 (s), s G R + , are the tubes / _1 (|t|) for 
\t\ 2 = s and the vector field Vr is transversal to these tubes (away from V) and tangent 
to X. Consider also the vector field V(l)(x) = 2x, which is the restriction to X \ V of 
the gradient of the function x i— > x 2 . Both maps r and l are polynomial and > 0. Hence 
Corollary 3.4 of [20, implies that on B e \V the vector fields Vr and V(t) are either linearly 
independent or one is a positive multiple of the other. Following JH] > define a vector field 
on (X n B e ) \ V by: 

v(x) = \\x\\ ■ Vr + ||Vr|| ■ x , 
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which bisects the angle between Vr(x) and x. This is a smooth vector field on B £ \ V 
and satisfies the inequalities: 



v ■ x > 0, v ■ Vr > 0, (*) 

by the Schwartz inequality ||i>i||||i>2|| > v\ • v 2 (with equality holding only when the two 
vectors are colinear). 

Now, given any point x Q G (X n B e ) \ V, let 7(t) be the solution of the differential 
equation dx/dt = v(x) in (X n B e ) \ V passing through x Q . As we move along the path 
7(t), by (*) the distance to increases strictly, and so does the function r, until j(t) 
intersects the boundary sphere. 

We may thus define a homeomorphism h : dN(e, rj) — > S e \ Int(T £jV ) as follows: given 
x G dN(e,rj), take the path j(t) passing through x and follow this path until it meets 
the sphere at a point j(ti), then define h(x) = j(ti). The composition / o hr x gives the 
fibration we want. |j 

In section 3 below we will see that the last part in the above proof can be refined when 
/ is holomorphic (Milnor's case) or, more generally, a product hg where h and g are both 
holomorphic mappings. This will lead to theorem 3.1. 

1.4 Examples, a) Let / : (C 2 ,0) -> (C,0) and g : (C 2 ,0) -> (C,0) be two germs of 
holomorphic functions without common branches and such that fg : (R 4 , 0) — > (R 2 , 0) 
has an isolated critical value at 0. Let fi, ■ ■ ■ , f m be the irreducible factors of / and let 
gi, . . . , g n be those of g. Let us equip a small open neighbourhood U C C 2 of with the 
Whitney stratification whose strata are : 

C/\(/^)- 1 (0); V t = fr\0)\{0}, i = l,...,m; 

V! = gj 1 (0)\{0},j = l,...,n; and {0}. 

Then this stratification satisfies the (a/)-condition with respect to fg. In fact, it suffices 
to check the condition on the strata Vi,i = 1, . . . , m and Vj,j = 1, . . . , n. Let us check 
this on Vi; the arguments are the same for the other strata. 

Let us decompose / as / = /f h, p > 1, in such a way that f\ is not a factor of h. 
Then the jacobian matrix of fg with respect to the coordinates (21,^1,22,^2) i n R- 4 is 
given by 



D(fg)(z 1 ,z 1 ,z 2 ,z 2 ) = 



where 



( amm gwn) groi) mm) \ 

dzi dzi 8z2 9z2 

amm) gmm) amm amm) , 

dzi dzi dz2 9z2 / 



d(^(fg)) l rp-i/ d h h - . f dh - , h T dg, 1 x 



= - fl , 

OZi p 
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d(%fg)) -ia-ifdfi ,dh_ J? -dg. 1 x 



p 



^= — — - h m 2i 

OZi p 



For each t £ R 2 \ {0} and for each x £ (fg) the tangent space T x (fg) 1 (t) is 

defined by the equation: 

D(fg)(x) t (v 1 ,v{,V2,V2} = 
or, equivalently, by the equation 



M(x) t (v 1 ,v 1 ,v 2 ,v 2 ) = 0, 



where: 



M(x) 



mu(x) m u (x) m 12 (x) mi 2 (x) 



m 21 (x) m 2 i(x) m 22 (x) m 22 (x) 

Let now {x n } be a sequence of points in R 4 \ {0} converging to a point x £ / 1 ~ 1 (0). 
Then the limit T of the tangent planes T a , n (/^) _1 (t n ), where t n = (fg)(x n ), has equation 
M t (v 1 ,u[,V2,V2) = 0, where 

M = lim M(x n ) ; 



but 



and 



lim m u (x n ) = - —^(x)h(x)g(x) , 

n->oo I OZi 



lim m 2i (x n ) = — - ^-(x)h(x)g(x) 

n-*oo / OZj 



As h(x)g(x) 7^ 0, then T has equation: 

iV(aO*(ui,ur,U2,u£) = 

where: 



N(x) 



( 9h( x ) 9h( x ) 0&( x ) dh 



[X 



dz 2 



X) 



dz 2 



X 



\ 



v -*§&(*) y 

Then T equals the plane tangent at re to the curve /j -1 (0); so one has that these 
singularities satisfy the Thorn a/-condition for the above Whitney stratification. 

Example b). Let now (X, 0) be a germ of a normal complex surface and let / : (X,p) — > 
(C,0) and g : (X,p) — > (C,0) be two germs of holomorphic functions without common 
branches and such that fg : (X,p) — >■ (R 2 , 0) has as isolated critical value. Let us equip 
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a small open neighbourhood U C X of p with the Whitney stratification defined as in 
example (a). Then this stratification again satisfies the (a^)-condition with respect to 
fg. In fact, let x e X \ {0} and let : (W, 0) — > (V,p) be a local chart, where W and 
V are open sets respectively in C 2 and U \ {0}. Then the Whitney stratification of U 
satisfies the (a^)-condition with respect to fg if and only if its pull-back by satisfies 
the (a/)-condition with respect to o fg : (Z7, 0) — > (C,0). This last condition holds by 
similar arguments as in example (a). 

Example c). The previous examples can be generalized to higher dimensions. For 
instance consider the maps in Example 1.1. c above. For simplicity restrict to n = 3; one 
has: 

h(x, y, z) = xyz(x p + y q + z r ) , p, q, r > 1, 

where the integers p, q, r are > 2 and the unordered triple (p, q, r) is not (2, 3, 6), (2, 4, 4) 
or (3, 3, 3), so one has an isolated critical value at 0. Take the obvious stratification whose 
Whitney strata are C 3 \/i _1 (0); the coordinate planes minus the axes; the complex surface 
{x p + y q + z r = 0} minus its intersection with the coordinate planes; the 3 axes minus 
the origin; and {0}. Then the computations of example a) above extend to this case and 
show that this stratification satisfies Thorn's a^-condition. 

Example d). Let / : (C 2 ,0) -> (C,0) and g : (C 2 ,0) -> (C,0) be two germs of 
holomorphic functions without common branches and such that fg : (C 2 ,0) — > (R 2 ,0) 
has as isolated critical value. Then for each holomorphic germ h : (C™, 0) — > (C, 0) with 
an isolated critical value at G C the real analytic germ H : (C n+2 ) — > (R 2 , 0) defined 

by 

H(zi, z 2 , z 3 ,..., z n+2 ) = f(zi, z 2 )g(z 1 , z 2 ) + h(z 3 , z n+2 ) 

obviously also has as an isolated critical value. Furthermore, by example (a) one has on 
C 2 a Whitney stratification satisfying the Thorn cif condition with respect to the function 
f~9- By [101 one a ^ so has a Whitney stratification of a neighbourhood of in C n satisfying 
the Thorn condition for h (see also |J6|), and the spaces tangent to the fibres of H split as 
direct sum of the spaces tangent to the fibres of f~g and h. Thus one also has the Thom 
condition for H. 

2 A fibration theorem for functions fg 

Let us consider now an equidimensional, reduced complex analytic isolated singularity 
(X, 0) of dimension n in and two germs of holomorphic functions /, g : (X, 0) — > (C, 0) 
such that the map f~g:X^ R 2 , has an isolated critical value at 0; set V = Vjg '■— 
/^ _1 (0). Let us denote by Cx the link of (X, 0), i.e. the intersection of X with a sphere 
S e around with radius e > sufficiently small, Cx = X D S e . We denote by Lf-g the 
link of fg in Cx, i-e. the intersection of V with Cx (for a possibly smaller e > 0). 

Theorem 2.1 Let (X, 0) be a complex analytic isolated singularity germ and let f,g be 
two germs of holomorphic functions (X, 0) — > (C, 0) such that fg : X — > R 2 has as an 
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isolated critical value. Then 



%r : £x \ L f g — > S 1 



T \m 

is a C°° fibre bundle. 

The proof of this theorem takes the rest of this section. The method we follow is 
exactly the same method used by Milnor in [20J Chapter 4] to prove his fibration theorem 
for complex singularities: first show that (p has no critical points, so that all the fibres 
(p~ l (e ie ) are smooth manifolds of codimension 1 in the link Cx] then construct a smooth 
vector field on the complement Cx \Lfg, whose integral lines are transversal to the fibres 
of (f) and move at constant speed with respect to the argument of <f)(z), so they carry 
each fibre diffeomorphically into the nearby fibres, giving a local product structure. We 
notice that this same method is being used in [3] to prove a semitame condition for the 
meromomorphic function f/g at the origin, i.e. a condition concerning the special values 
of f/g, and deduce from it a fibration theorem for these functions at infinity. 

To begin we notice that away from the variety Vfg = {f~g = 0} one has: fg = jj ■ \g\ 2 
and therefore: _ 

fg f/g 
\fg\ \f/g\ ' 

So to prove the theorem we actually show that this last map is the projection of a fibre 
bundle away from the link of fg in Cx- The meromorphic function f/g is well defined on 
Cx \Lfg and takes values in P 1 \ {0, oo}. 

Let us consider first the case when the germ (X, 0) is (C n ,0), so that Cx = S 2n-1 . 
Following [20], define the gradient of the meromorphic germ h — f/g by : 



Lemma 2.2 The critical points of the map 

j. flu 



are the points z = [z\, . . . , z n ) where the vector (i grad(\og(^))) is a real multiple of z. 

Proof. The proof of 2.2 is exactly as that of Lemma 4.1 in [201, setting = e t9 ^; we 
give it here for completeness and because some parts of the proof are also used later in 

n the arg 

(z) := 



the text. Notice that <fi assigns to each z G C n the argument of the complex number ^{z 

n ' \f/g\ 

and therefore the argument of this map satisfies: 

6(z) = Re{-ilogf/g(z)) 
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An easy computation then shows that given any curve z = p(t) in C n \ Vfg, the chain rule 
implies: 

d9{p{t))/dt = Re(^{t),igradlog^{z)}, (2.2.1) 

where (-, ■) denotes the usual hermitian product in C n . Hence given a vector v(z) in C n 
based at z, the directional derivative of 8(z) in the direction of v (z) is: 

Re (v[z),i grad log — \z)) . 

Since the real part of the hermitian product is the usual inner product in R 2n , it follows 
that if v (z) is tangent to the sphere S 2n_1 then the corresponding directional derivative 
vanishes whenever (i grad(log(^))) is orthogonal to the sphere, i.e. when it is a real 
multiple of z; conversely, if this inner product vanishes for all vectors tangent to the 
sphere then z is a critical point of (p. | 

The aim now is to use lemma 2.2 to prove that <fi does not have critical point at all. 
This will be a consequence of the following lemma (c. f. Lemma 4.4 in 20j). 

Lemma 2.3 Letp[0, e[— > C™ be a real analytic path withp(0) = 0, such that for each t > 
the number f(p(t))g(p(t)) is non-zero and the vector grad(log(f / g)(p(t))) is a complex 
multiple X(t)p(t). If grad(f/g) is non-zero away from the hyper surf ace (/5')^ 1 (0) in a 
neighbourhood of the origin in C n , then the argument of the complex number X(t) tends 
to as t — > 0. 

Proof. One considers the Taylor expansions 

p{t) = at a + ai t a+1 + a 2 t a+2 + . . . ; 



f(p(t)) = bt p + M^ 1 + b 2 t^ 2 + ...■ 
g (p(t)) = b^' + b[tP' +1 + b' 2 tP' +2 + . . . ; 
grad(/(p(t))) = cP + Cl f +1 + c 2 r +2 + . . . ; 

grad(0(p(t))) = c't^' + c[t^' +1 + c' 2 t^' +2 + . . . , 

where a, c, c' G C n and b, b' G C are non-zero. Notice that 7 = (3 — a and 7' = (3' — a'. 
Arguing as in p. 33 of one gets: 

1 1 

grad(log((f/g)ip(t))) = ===== grad(/(p(t))) - ===== grac%(p(t))) ; 

f{p(t)) g{p(t)) 
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since grad(log(//g)(j>(£))) = X(t)p(t), we obtain: 



g(p(t)) grad(/(p(t))) - f(p(t)) grad(^(p(t))) = X(t)p(t)f(p(t))g(p(t)) . 

Let us consider the non-zero term of lowest degree in the Taylor expansion of the left 
hand side of the equation above. It has the form (b'd — bd')t s , where 5 > (3 + ft — a. 
Substituting the Taylor expansions in the last equality we get: 

(W + . . .)(ct 7 + ...)- (to? + ■ ■ -)(c't 7 ' + ...) = A(t)(at a + . . .)(5^ + • • Wt 13 ' + ...), 
that is, 

{Vd - bd')t s + ... = X(t)(aWt a+ ^' + ...). 

Then, if X(t) = X t~ u + ... is the Laurent expansion of A(t) (where v = 5 — (a + (3 + ft)), 
one has: 

b'd — bd' = Xoabb' , 

which implies Ao 7^ 0. We now observe that the formula of P- 33] for h — fg becomes: 
di(-g {p{t)) ) = gWW {dV/dt ' ^ mdf ~ lgmd9) ■ 

Thus one has: 

9(p(t)) (^,grad(/)> -/(p(t)) (^grad(^)) = 

= g(p(t))i(f(p(t)))-f(p(t))i(g( P (t)))- 

Substituting the Taylor expansions in this equality we obtain: 

P-ft= \a\ 2 aX Q . 

Therefore Ao G R. | 

Before we continue with the proof of Theorem 2.1 we make sure that our function f/g 
satisfies the hypothesis of Lemma 2.3, i.e. that its gradient is non-zero away from the 
hypersurface (/5')~ 1 (0) in a neighbourhood of the origin in C n . This is granted by the 
following lemma. 

Lemma 2.4 If fg : (C n ,0) — > (C,0) has an isolated critical value at 0, then grad(f/g) 
is non-zero away from the set (/fi') _1 (0) in a neighbourhood ofO. 

Proof. It suffices to prove that for each point (zi, . . . , z n ) G C n \ {fg = 0} with 
gr&d(f / g)(zi, . . . , z n ) = 0, the rank of the jacobian matrix of fg at (zi, . . . , z n ) is not 
maximal. In other words, we must prove that if for each variable Zi, % = 1, . . . , n, one has 
(call it equation (i)): 

df f dg 

OZi OZi 
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then all 2 x 2 minors of the jacobian matrix have zero determinant. This is equivalent to 
saying that for each pair of variables (zi, Zj) one has the following equalities (c. f. 26J): 



, /9f dg 

^ dzi dzj 


df dg, 
) = 

dzj dzi ' 
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dzi 


_ j dg 

dzi 


(2.i.j) 


\9—\ 
9 d Zj 


dzj 


(3i.j; 


1 9 I 2 9f 9f 

dzi dzj 


dzi dzj 





Equations (2.i.j) and (3.i.j) are obvious from equation (i) and the similar equation (j): 
9§z~ = f§z~ ■ Now, multiplying the left hand side of equation (i) by the right hand side 
of equation (j) and vice- versa we obtain equation (l.i.j). Similarly, equation (4i.j) is 
obtained by conjugating equation (j) and multiplying left hand sides and right hand sides 
of the two equations. | 

From now on the proof of 2.1 is exactly like Milnor's proof. By 2.2, to prove that 
has no critical points it is enough to show: 

Lemma 2.5 Given f,g and Vfg as above, there is a number e Q > such that for all 
z G C n \ Vfg with \\z\\ < e Q , the two vectors z and i gradlog ^(z) are either linearly 
independent over C or else the argument of the complex number 

A = (i gradlog —((z))) / 'z 

has absolute value more than, say, it/ '4. 

The proof of 2.5 is exactly like that of Lemma 4.3 in Milnor's book, using his Curve 
Selection Lemma and replacing [201 4.4] by lemmas 2.3 and 2.4 above. We leave the 
details to the reader. 

As a consequence of 2.2 and 2.5 one gets that the map <fi has no critical points at all. 
It follows that all fibres of (j> are smooth submanifolds of Lfg of real dimension 2n — 2. In 
order to show that <fi is actually the projection map of a C°° fibre bundle we must prove 
that one has a local product structure around each fibre. As in [20 , this is achieved by 
making a sharper use of 2.5 to construct a vector field v on S^ n_1 \ (Lf U L g ) so that at 
each point z G S^ n_1 \ (Lf U L g ) one has that the hermitian product 

(v(z), i gradlog —{z)) , 
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is non-zero and has argument less than 7r/4 in absolute value; in particular its real part 
is never-zero. Thus we can normalize it and define: 

w(z) = v(z)/Re (v(z),i gradlog —(z)) . 
This is a C°° vector field on S^ n_1 \ (Lf U L g ) satisfying: 

i) the real part of the hermitian product (w(z),i gradlog jj{z)) is identically equal to 1; 
recall that by equation (2.2.1) this is the directional derivative of the argument of <ft in 
the direction of w{z). 

ii) the absolute value of the corresponding imaginary part is less than 1: 

f 

\Re(w(z), gradlog J -(z))\ < 1 - ( 2 - 6 ) 

Let us consider now the integral curves of this vector field, i.e. the solutions p(t) of 
the differential equation dz/dt = w(t). Set e l6 ^ = <p(z) as before. Since the directional 
derivative of 6(z) in the direction w(t) is identically equal to 1 we have: 

6{p(t)) = t + constant . 

Therefore the path p(t) projects to a path which winds around the unit circle in the 
positive direction with unit velocity. In other words, these paths are transversal to the 
fibres of <fi and for each t they carry a point z G _1 (e**°) into a point in _1 (e rfo+ '). If 
there is a real number t a > so that all these paths are defined for, at least, a time 
t then, being solutions of the above differential equation, they will carry each fibre of <fi 
diffeomorphically into all the nearby fibres, proving that one has a local product structure 
and is the projection of a locally trivial fibre bundle. In fact, just as in Lemma 4.7 of 
[2*Uj , one has that all these paths extend for all t G R. To show this we only have to insure 
that no path p(t) can converge to (Ly U L g ) as t tends to some finite time. That is, we 
must show that f/g{p{t)) can not tend to in finite time, or equivalently that the real 
part of log f/g(p(t)) can not tend to — oo as t tends to some finite time t Q , but this is an 
immediate consequence of 2.6. Thus we arrive to Theorem 2.1 when X = C n , 0. 

The general case of X being a complex analytic variety with an isolated singularity 
follows from the previous considerations since all the above arguments are local. | 

3 The two fibrations are equivalent 

Let (X, 0) be again an equidimensional, reduced complex analytic isolated singularity germ 
of dimension n in C^, let f,g be two germs of holomorphic functions (X, 0) — * (C, 0) 
such that 

fg:X^R 2 , 
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has as an isolated critical value. We believe one always has in this situation a Whitney 
stratification of X that satisfies the Thorn a/-condition with respect to f~g, but we do not 
know how to prove this statement (example 1.1. b above proves it for n — 2). Anyhow we 
show below that one always has a fibre bundle, 



fg:N(e, V )^dn 



as in Theorem 1.1, for every sufficiently small circle dT) n C R 2 of radius 77 around the 
origin in R 2 , where N(e,rj) is the Milnor tube N(e,rj) = (/^) _1 (9D ry ) fl B £ . We recall 
one has the fibre bundle given by Theorem 2.1: 

%r ■■Cx\ L f g — > S 1 . 



T \fg I 

Let T(e,rj) be the open (regular) neighbourhood of the link Lfg in Cx bounded by 
N(e, 77) fl Cx- One has: 

Theorem 3.1 These two fibrations are topologically equivalent. More precisely, there 
exists a C°° diffeomorphism h : N(e,rj) \ Vfg — > Cx \ T(s,r)) such that /|jv(e jT? ) = 4>° h; 
and h is the identity on N(e,rj) fl Cx- 

In fact the proof of this result is similar to that of Theorem 1.1 above but in reverse 
sense: in 1.1 we first used Thorn's condition and Ehresman's lemma to deduce the fibre 
bundle structure on the Milnor tube, and then we constructed an appropriate vector field 
to inflate the tube and get a fibration on the link Cx of X minus the tube T(e, 77). Now 
we have Theorem 2.1 that gives a fibre bundle decomposition on Cx \Lfg with projection 
map = ■& = then we construct again an appropriate vector field that carries 

this fibre bundle into the Milnor tube (/ /g)~ 1 (dT) v ) fl B £ , and whose paths move along 
points in X where the argument of the complex number f/g(z) does not change. 

The key for proving this theorem is the following lemma (c.f. 5.9 in |20j): 

Lemma 3.2 Let D e be the intersection with X of a sufficiently small ball in C N around 
0. Then there exists a C°° vector field v on D e \ Vfg so that for all z G D £ \ Vfg one has: 

i) the hermitian product (v(z), gradlog ~{z)) is real and positive; and 

ii) the hermitian product (v(z),z) has positive real part. 

Proof. It suffices to construct this vector field locally, in the neighbourhood of some 
given point z Q G D e \ Vfg, for we can afterwards glue all these vector fields by a partition 
of unity and get a vector field defined globally and satisfying the conditions of the lemma. 
We work on a coordinate chart for X at z Q , so we think of it as being identified with an 
open ball U in C n . We recall that the real part of the hermitian product is the usual 
inner product in R 2n . 
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For simplicity set V(z ) = gradlog - (z ), and let E denote the real orthogonal com- 
plement of iV(z ) in C n ; every w in E satisfies that (v(z ), V(z )) is real; the vector V(z ) 
defines an oriented real line £ in E and every vector in the half-space E + of vectors in E 
whose projection to t is positive satisfies condition i) in the lemma. We need to show that 
there are vectors in E + satisfying also condition ii) in 3.2. If z Q and V(z Q ) are linearly 
dependent over C, so that \z Q = V(z a ) for some A in C, then 2.5 above implies: 

\argument A| < 7r/4, 

and we can just take v = z Q . If the vectors z a and V(z c ) are linearly independent over C, 
then V(z ) and z Q are linearly independent over R and every vector in E + for which the 
real inner product with z Q is positive works for us. J 

We now return to the proof of 3.1. Consider the solutions of the differential equation 

dp(t) = v(p(t)) 

on D £ \ Vfg. By the first statement in 3.2 we have that the argument of f/g(p(t)) is 
constant, and that \f(p(t)) is strictly monotone as a function of t. The second statement 
in 3.2 insures that ||p(i)|| is a strictly monotone function of t. Thus starting at any interior 
point z of D e \ Vfg we travel away from the origin, in a direction of increasing |/| and 
constant argument, until we reach a point z' G Cx \ Afs with 

f/9(z) (JgiA 
\f/g{z)\ \f/g{z')\ ■ 

Let rj > be small enough, as in Theorem 3.1, and look at the Milnor tube 

N(e : rj) = {zeT> £ \V fg -\f/g(z) = rj .} 

Then the correspondence z ^ z' carries this tube into the complement of a tubular 
neighbourhood of Lfg in Cx- One obviously has: 

f/g = (f>oh, 

for all z in the tube N(e : rj). This identifies the complement of a tubular neighbourhood 
of of Lfg in Cx with the Milnor tube for f/g. To complete the proof of 3.1 we now carry 
this tube diffeomorphically into a Milnor tube of f~g. For this we notice that for all z in 
D £ \ Vfg the map z \— > , A, 2 is a well defined diffeomorphism that we denote by Q. Then 
one has fg — f/g o Q , and therefore 

fg = (j>oh O Q , 

proving 3.1 with h = h o Q. | 
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Corollary 3.3 The fibres Fg = (p 1 (e* £l ) are diffeomorphic to the complex (n—1) -manifold 

o 

consisting of the intersection //(?~ 1 (t)n D e; where t is a regular value of the rational map 

o 

f/g and D e is the interior of the disc of radius e > around the origin. Hence each fibre 
Fq has the homotopy type of a CW-complex of real dimension (n — 1). 

o 

Proof. The proof of 3.1 shows that //5 ,_1 (t)n D £ is diffeomorphic to the part of Fg = 
(f)~ l (e l9 ) contained in the complement of a regular neighbourhood of the link Lfg, so the 
theorem of Andreotti-Frankel in [2] implies that this part of Fg has the homotopy type 
of a CW-complex of real dimension (n — 1). We claim that this part of Fq is actually 
diffeomorphic to the whole fibre Fq. The proof of this claim is similar to that of ffiH 
5.7]: it is enough to show that the real valued map ag : F e — > R given by z \— > \f/g(z)\ 
has no critical values near the binding Lfg, or more precisely that there exists a constant 
5g > such that all the critical points of ag lie within the compact subset \fg(z)\ > 5g of 
Fg. Suppose this does not happen; then one must have a sequence of critical points of ag 
which converges to some limit point z Q £ Lfg C <9D e . By the Curve Selection Lemma of 
PU] one has a curve 7 of points in Fg converging to z a , consisting of critical points of ag. 
Clearly ag(z) is constant along 7 and can not converge to = \fg(z )\. | 



Corollary 3.4 If the tangent bundle T(X \ {0}) of the ambient space is trivial, either as 
a real or a complex bundle, then the tangent bundle of each fibre Fg = <fi~ l (e ie ) is trivial, 
C°° isomorphic to either Fg x R 2n ~ 2 or to Fg x C n ~ l , respectively. 

Proof. The previous result implies that the homology groups of Fg vanish in dimensions 
more than n — 1, so Fg can not have any compact component. On the other hand, the 
normal bundle vFg of Fg = (/ / 'g)~ l (e ie ) H D £ in X is trivial over C, because t is a regular 
value. Since one has a splitting (as C°° bundles) 

T(X\{0})\ Fe TFg © vFg , 

it follows that the tangent bundle TFg plus a trivial bundle is trivial (either over R or 
over C) by hypothesis, i.e. TFg is stably trivial. Hence it is trivial by [11, because Fg 
has no non-compact components. 

4 Fibrations of plumbing multilinks 

From now on the standard circle S 1 = {z £ C / \z\ = 1} is oriented as the boundary 
of the complex disk D 2 = {z£C/|z|<l}. A circle means a 1-dimensional manifold 
diffeomorphic to S 1 . 

Let M be a compact connected oriented 3-manifold. An (unoriented) knot in M 
is a circle embedded in M. An (unoriented) link L in M is a finite disjoint union of 
circles embedded in M. We denote L = K\ U . . . U K h where the K^s are the connected 
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components of L. We say that L is an oriented link if an orientation is fixed on each of 
its components Ki. Since the manifold M is oriented, the normal bundle of each Ki in M 
is trivial and Ki admits a regular neighbourhood N(Ki) diffeomorphic to the solid torus 
D 2 x S 1 by an orientation-preserving diffeomorphism which sends the oriented circle Ki 
to {0} x S 1 . 

A multilink is the data of an oriented link L = KiU. . .UKi together with a multiplicity 
Hi G Z associated with each component Ki. We denote such a multilink by 

L = mKt U . . . U n t Ki , 

and we fix the convention that niKi = (— nj)(— iQ), where —Ki means Ki with the 
opposit orientation. We say that two multilinks L and V are isotopic if they are isotopic 
as oriented links in M and if their multiplicities are the same through such an isotopy. 

4.1 Example. Let (X, p) be a normal complex surface singularity and let (X, p) C 
(C N , 0) be an embedding. Let Cx be the link of (X, p), i.e. the oriented compact 
connected 3-manifold XflS 2 ^ 1 , intersection of X and the sphere S 2iV_1 = {(zi, . . . , zx) G 
C w / £iiN 2 = e 2 }, e > sufficiently small ([23]). Let / : (X,p) — ► (C,0) be 
a holomorphic germ, and let Lf = Cx H / _1 (0) be its link in Cx, which is naturally 
oriented as the boundary of the complex curve / _1 (0)flD 2Ar , where D 2Ar = {(zi, . . . , zn) G 

C N / El^\ 2 <e 2 }. 

Let 7r : X — > X be a resolution of the germ /, i.e. a resolution of X such that 
(/ o 7r) _1 (0) is a normal crossings divisor. Let S±, . . . , Si be the branches of the strict 
transform vr _1 (/ _1 (0) \ {p}) of /. We denote by rij the multiplicity of / o n along the 
curve Si. For each i — 1, ... ,1, let Ki be the component of Lf associated with Si, i.e. the 
knot ir(Si \ 7r _1 (p)) fl Cx- By definition the multilink associated with f is: 

i 

L f = {JriiKi. 

i=i 

In particular, when the structural sheaf Ox is a unique factorization ring (e.g. X = 
C 2 ), let / = n!=i fT be the decomposition of / into irreducible analytic factors, where 
u(0) 0, fi, . . . , fi are irreducible, and G N*. Then the multilink associated with / is 

i 

Lf = [J mL fi . 
i=i 

4.2 Definition. Let M be a compact connected oriented 3-manifold. A multilink L = 

niKi U . . . U niKi in M is fibred if there exists a map $ : M \ L — > S 1 which satisfies the 
two following two conditions : 

1. The map $ is a C°° locally trivial fibration. 
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2. For each i = there exist a regular neighbourhood N(Ki) of Ki in M \ 

(L \ iiQ), an orientation-preserving diffeomorphism r : S 1 x D 2 — > N(Ki) such that 
r(S x x {0}) = and an integer fc 4 e Z such that for all (t, z) G S 1 x (D 2 \ {0}) 
one has: 

*** 

In this case we say that $ is a fibration of the multilink L. 

4.3 Example. If (X, p) is a normal complex surface singularity and if / : (X, p) — > (C, 0) 
is a holomorphic germ, then the Milnor fibration 

<S> f :C x \L f ^S\ 

defined by — f(x) / \f(x)\, is a fibration of the multilink Lf. 

4.4 Remarks: 

1) The integer ki is non unique ; it depends on the choice of r, but its class modulo is 
well defined. 

2) For each t G S 1 , D (N(Ki)) has gcd(ni, ki) connected components, each of them 
being diffeomorphic to a half-open annulus S 1 x [0, 1[. 

3) The rii are local date, whereas the ki are global. Indeed, let D be a meridian disk 
of N(Ki) oriented as {1} x D 2 via r and let us equip its boundary m = 3D with the 
induced orientation. Then rij is the degree of the restriction of $ to m. But fcj depends 
on the isotopy class of the multilink L in M, and in particular on all the multiplicities 
rii, i — 1, . . . , ni. See [7j page 30, where the inverse U of ki modulo is computed explicitly 
when the link is an integral homology sphere. 

4) If for each i — 1, . . . , n, ki = and rii £ { — 1, +1}, one obtains respectively 

($ o r)(i, z) = -j— r when = +1 , or 

\z\ 

($ o r)(t, z) = — when = — 1 . 

1 2 1 

In this particular case, which is studied in [21] when M = S 3 , L is just an oriented link 
and $ is a so-called open-book fibration of M with binding L. 

Now let M be a plumbing manifold, or equivalently, a graph manifold in the sense of 
Waldhausen. In other words, M is homeomorphic to the boundary of a 4 manifold ob- 
tained by plumbing together a finite number of D 2 -bundles Ni, . . . , N r over some oriented 
real surfaces Ei,...,E r (see [221) ■ If T C M denotes the union of the plumbing tori, 
then M \ T is a union of 3-manifolds equiped with an Spoliation, the S 1 -leaves being 
boundaries of the D 2 -fibres of the N^s. 
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Convention. In the sequel we always assume that the surfaces Ei are orientable and 
that an orientation on each Ei is fixed. We also assume that each plumbing operation has 
positive e in the sense of 

The homeomorphism class of a plumbing manifold M is completely encoded in the 
plumbing graph T of any plumbing decomposition of M defined by the classical way: the 
vertices (1), . . . , (r) are in bijection with the bundles Aq, . . . , N r , and the edges joining 
two vertices (z) and (j) are in bijection with the plumbing operations between Ni and Nj. 
Each vertex (z) is weighted by the genus of the surface Ei (we usually omit to write this 
weight when the genus is 0) and by the Euler class of the bundle iVj. 

We denote by Mr the intersection matrix associated with T, i.e. the r x r matrix 
( a ij)i<ij<r defined by an = e, for all i and for i ^ j the integer equals the number of 
edges of T joining the vertices (i) and (j). 

4.5 Example, (c.f. j22]) The link Cx of a normal complex surface (X,p) is a plumbing 
manifold and a plumbing graph of Cx can be obtained as the dual graph T of any resolution 
7r : X — > X of X whose exceptional divisor E = vr _1 (p) has normal crossings. Let 
Ei, . . . ,E r be the irreducible components of E. The intersection matrix Mr is then the 
intersection matrix of the E^s in X, namely 

M r = (Ei.EA,,. . 

1 V 1 J j l<i,]<r 

The matrix Mr is negative definite [§]. 

4.6 Definition. Let M be a plumbing manifold. A link L in M is a plumbing link if it 
is a finite union of S 1 -leaves in a plumbing decomposition of M, or equivalently, a finite 
union of Seifert fibres in a Waldhausen decomposition of M. 

Notice that any plumbing link L in M has a natural orientation as the union of the 
boundaries of some fibres of the _D 2 -bundles iVj. In the sequel we consider always this 
natural orientation. 

The isotopy class of a plumbing link L is encoded in a plumbing graph obtained by 
decorating a plumbing graph of M with arrows corresponding to the components of L. 
Similarly, if L = n\K\ U . . . U niK\ is a plumbing multilink, then its isotopy class is 
encoded in its plumbing graph, obtained from the previous decorated graph by weighting 
the extremity of each arrow by the corresponding multiliplicity n.j. 

For example if (X,p) is a normal complex surface singularity and / : (X,p) — > (C,0) 
is a holomorphic germ, then Lf is a plumbing multilink and a plumbing graph of Lf can 
be obtained as the dual graph of any resolution it : X — >• X of / such that the total 
transform of / by 7r has normal crossings. 

4.7 Definition. Let T be a plumbing graph of a plumbing link. A vertex of T is a rupture 
vertex if it either carries genus > or if it has at least three incident edges, the arrows 
being considering as edges. 

The following theorem is a generalization of a result of D. Eisenbud and W. Neumann 
([7], Theorem 11.2, see also p. 136), reformulated in terms of plumbing links. In jjj, 
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this result is for graph multilinks in Z-homology spheres, and it is formulated in terms of 
splicing diagrams. In [23] this result is proved for a plumbing link in terms of Waldhausen 
graphs; here we extend this for multilinks. The proof follows that of [23], interpreting a 
plumbing decomposition of M as a particular Waldhausen decomposition. 

Theorem 4.1 Let L be a plumbing multilink with plumbing graph F and intersection 
matrix Mr, and let (1), . . . , (r) be the vertices of T. Let b{L) = (b±, . . . , b r ) G 77 , where 
bi is the sum of the multiplicities ni carried by the arrows attached to the vertex (i) . Let 
(mi, . . . , m r ) G Q r be defined by 

t (m 1} ... } m r ) = -(M T )- lt b(L) 

where *(.) means the transposition. Then L is fibred if and only if the following two 
conditions hold: 

1 ) for all i G {1, . . . , r}, rrii is an integer; and 

2) for each rupture vertex (j) ofT, the integer rrij is ^ 0. 

Proof Assume that L is fibred. Let $ : M \ L — > S 1 be a fibration of L and let 
F = $ _1 (t), t G S 1 be a fibre of $. Notice that F is naturally oriented by the flow. For 
each i = 1, . . . , r, let U be a S 1 -leave of Then m ; is the intersection number Fi, in 
M ([2S]). Moreover, when T has at least one rupture vertex, then according to [33], F 
is a horizontal surface in M \ N(L), where N(L) is a regular neighbourhood of L in M. 
It means that F is transversal up to isotopy to Lj for each rupture vertex (j) of T, i.e. 
rrij 7^ 0. 

Assume now that = (mi,...,m r ) verifies the conditions 1. and 2. Using the 
formulas of |25j . one constructs a graph G N from T and iV. The conditions 1. and 2. 
imply that G N is the Nielsen graph of the monodromy of a fibration of the multilink L 
(|25j. lemma 4.7). Therefore L is fibred. | 

4.8 Remarks: 

1) An easy computation shows that each transformation Rq to R\o of ([22]) which trans- 
forms a plumbing graph of L into another one preserves the conditions 1 and 2 in 4.1. 
Hence these conditions hold for some plumbing graph r of L iff they hold for every 
plumbing graph of L. 

2) Given any plumbing multilink L = n\K\ U . . . U niKi one has that the condition 1 
holds always for the multilink kL = {kn\)Ki U . . . U (kni)Ki, where k = det Mr. Thus, if 
condition 2 holds for the multilink L, then the multilink kL is fibred. 

3) Let L and V be two fibred multilinks respectively in M and M' . We say that two fibra- 
tions $ : M\L — > S 1 and $' : M'\L' — > S 1 of L and L' respectively are topologically equiv- 
alent if there exist two orientation-preserving diffeomorphisms H : (M, L) — > (M', V) 
and p : S 1 — > S 1 such that: 

i) po$ = $'o#| (MVc) ; 
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ii) for each component K of L, the multiplicity of K in L equals that of H(K) in V . 
Note that this implies in particular that the two multilinks are isotopic when M = M' . We 
now let L be a fibred plumbing multilink in a plumbing manifold M. Then an immediate 
generalization of the arguments of to multilinks shows that there exists a finite number 
of topological equivalence classes of fibrations of L. 

4.9 Examples: 1) Let M be the plumbing 3-manifold whose graph is — -D4 (see figure 1), 
and let L 1; L 2 , L 3 and L 4 be the four multilinks whose graphs are represented on figure 1. 
The numbers without parenthesis are the Euler classes and the numbers with parenthesis 
are the multiplicities m; and rij. Then L\ is not fibred as the rupture vertex carries 
multiplicity 0. The multilink L2 = L3 — L4 is fibred since it verifies the conditions 1 and 
2 of 14. H whereas L3 and L4 are not fibred since they do not verify the condition 1 of 14.11 

2) Let (X, 0) be the germ of hypersurface in C 3 with equation x 3 + y 3 + z 3 = 0. Then 
a resolution graph of (X, 0) consists of a single vertex with Euler class —3 and genus 1. 
Let L 5 be the plumbing multilink in Cx whose graph is represented on figure 1. Then L 5 
is fibred if and only if 3 divides n. 
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Corollary 4.2 Let (X,p) be a normal complex surface singularity and let f : (X,p) — > 
(C,0) be a holomorphic germ. Let tt : X — > C 2 be a resolution of the holomorphic germ 
fg such that the total transform (fg o 7r) _1 (0) has normal crossings, let F be its dual 
graph and let (1), . . . , (r) be the vertices of T. For each i = 1, . . . , r, let m{ (respectively 
mf) be the multiplicity of f o tc (respectively g ok) along the irreducible component of the 
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exceptional divisor represented by (i). Then the multilink Lfg = Lf — L g is fibred if and 
only if for each rupture vertex (j) ofT one has rrJ- ^ m 9 . 

Proof With the notations of the theorem one has: 

(Mr)- 1 %{L f - L 9 ) = (Mr)- 1 \b(L f ) - b(L g )) . 

According to ([12], 2.6) one has: 

(M r )- 1 '6(L / ) = - t (m(,...,m r and (Mr)" 1 %L g ) = -*(mf , . . . , m 9 ) . 

Therefore 

(Mr)- 1 %(L f - L g ) = -\m{ - mf , . . . , m{ - m 9 r ) . 

I 

5 The geometry near the multilink Lfg 

In this section (X, p) denotes a singularity of a normal complex surface and / : (X, p) — ► 
(C,0) and g : (X,p) — > (C,0) denote two holomorphic germs without common branches. 
The technical point of this section is lemma I5~TI which describes the behaviour of the real 
analytic germ fg : (X,p) — > (C, 0) in a neighbourhood of its link Lfg C Cx- 

Lemma 5.1 Let K be a component of the link Lf U L g and let n be the multiplicity of 
K as a component of the multilink Lf U —L g . Then there exists a regular neighbourhood 
N(K) of K in Cx, on orientation-preserving diffeomorphism r : S 1 x D 2 — > N(K) such 
that t(S : x {0}) = K , and an integer m e Z such that for all (t, z) e S 1 x (D 2 \ {0}) we 
have: 

(iS")^"(r) v - 

As an immediate consequence of 15. II and we obtain the following : 

Corollary 5.2 Let (X,p) be a normal complex surface singularity and let f : (X,p) — > 
(C, 0) and g : (X,p) — > (C,0) 6e i«;o holomorphic germs without common branches. If 
the real analytic germ fg : (X, 0) — > (R 2 , 0) /ias as an isolated critical value, then its 
Milnor fibration ■& : Cx \(Lf\J L g ) — > S 1 is a fibration of the multilink Lf U — L s . 

Remark Notice that Lfg is Lf U L g as an unoriented link, but corollary 15.21 states that 
in fact L/p fibres with its natural multilink structure. Thus IB~2*1 is much stronger than 
Theorem 2.1. Indeed 2.1 states that the Milnor fibration ■& is a C°° locally trivial 
fibration of the complement of the unoriented link {LfU L g ) in Cx, whereas 15 1 21 describes 
this Milnor fibration as the fibration of a multilink, taking into account the "multiple open- 
book" structure near the binding, the orientations and the multiplicities. In particular 
15.21 enables us to describe (using [23]) the genus of the Milnor fibre and most of the data 
determining the topology of the fibration (see for instance [2*%]). 
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Proof The proof is adapted from that of (j2S], 3.1). Let tt : X — ► X be a resolution 
of the holomorphic germ fg such that the total transform ((fg) o 7r) _1 (0) has normal 
crossings. Let S be a branch of the strict transform of / by tt and let E be the irreducible 
component of the exceptional divisor 7t~ l (p) which intersects S. We denote by n the 
multiplicity of / along the curve S and by mj (respectively m g ) the multiplicity of / o tt 
(respectively g o tt ) along E. We choose local coordinates (zi, z 2 ) in X such that SHE = 
(0, 0), Z2 = is a local equation for E and such that in a neighbourhood of (0, 0) we have 

(/ ° tt)(zi, Zjj) = z^ tf y{zi, z 2 ) n u(z u z 2 ) , 

and 

(0 Z 2 ) = Z^ 9 v(z x , Z 2 ), 

where 7 G C{{zi, Z2}}, 7(21,22) = is a local equation of S and u and v are units in 
C{{^i, z 2 }}. Then, locally, 



(fg o tt)(z 1 , z 2 ) = z 2 f z 2 ma j(zi, z 2 ) n u{z 1 , z 2 ) v(z u z 2 ) . 

As u and v are units in C{{zi, z 2 }}, one can choose two units r and s in C{{zi, z 2 }} 
such that locally, u(z 1 ,z 2 ) = r(zi,z 2 ) n and v(z 1 ,z 2 ) = s(zi,z 2 ) n . 
Let a : C 2 — > C 2 be the map defined by 



a(z 1 ,z 2 ) = (j(zi, z 2 ) r(z lt z 2 ) s(z h z 2 ) , z 2 ) . 
The jacobian determinant of a at the origin with respect to the variables (zi,~&[, z 2l ~z 2 ) is: 

I Jac a(0)| = 2i |^(0, 0) • r(0, 0) • s(0, 0) 2 ; 

OZ\ 

but r(0,0) 7^ and s(0, 0) 7^ because r and s are units in C{{z\, z 2 }}. Moreover 
J^-(0,0) 7^ since S is transverse to E. Therefore a is an orientation-preserving C°° 
diffeomorphism from an open neighbourhood of 0c2 to an open neighbourhood of 0c2. 
Replacing the local coordinates (zi, z 2 ) by (z[, z 2 ) = a(z\, z 2 ), one obtains : 

(fgo 7 r)(z[,z 2 )=z 2 nf z 2 -^z' 1 n , 

where z[ = is a local equation of S. 

Now let us identify Cx with the boundary of a regular neighbourhood W of the 
exceptional divisor n~ l {p) in X, defined locally by W = {(z[,z 2 )/ / \z 2 \ < 77}, with 
rj << 1; let us study the restriction of ■& on to a small tubular neighbourhood N(K) of 
the component K — S fl cW of L/, say 

iv(K) = {(^ 2 )/K|<?/, 1^1 = ^}, 

where 77' <C rj. Let r : S 1 x D 2 — > N(K) be the orientation preserving diffeomorphism 
defined by r(t, z) = (rfz, rjt). Then for all (t, z) G S 1 x (D 2 \ {0}) one has: 
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\f$\ ' ' 1 \\A) \\A 

Similar computations near a branch of the strict transform of g complete the proof. | 

6 fg and the discriminantal ratios of (g, f) 

Let (X,p) be a germ of normal complex surface and let / : (X,p) — > (C,0) and g : 
(X,p) — > (C, 0) be two holomorphic germs without common branches. In this section, we 
first give a sufficient condition for the germ fg to have as an isolated critical value in 
terms of the discriminantal ratios of the germ (g, /) with respect to the canonical complex 
coordinates (u,v) of (g,f)(X), i.e. u = g(x) and v = f(x) ( Lemma 16. A result due 
to D.T. Le, H. Maugendre and C. Weber Q14J), relating the discriminantal ratios of the 
germ (g, f) to some topological invariants of the meromorphic function f /g, leads us to 
one of the main results of this paper, namely theorem 16.21 

The discriminantal ratios are defined in ^3] as follows. Let C be the critical locus of 
7r and let A = n(C) be its discriminant curve. Let (A Q ) ag ^ be the set of the branches of 
A which are not the coordinates axes. 

Definition The discriminantial ratio of A Q with respect to the canonical complex coor- 
dinates u = g(x,y) and v = f(x,y) is the rational number 

I(u = 0,A a ) 

^ I(v = 0,Aa)' 

where 7(— , — ) denotes the intersection number at of complex analytic curves in C 2 . 

Lemma 6.1 Let (X,p) be a germ of complex normal surface and let f : (X,p) — > (C,0) 
and g : (X,p) — * (C,0) be two holomorphic germs without common branches. If the 
discriminantal ratios of the germ (g,f) : (X,p) —>■ (C 2 ,0) with respect to the complex 
coordinates u = g(x) and v = f(x) are all different from 1, then the real analytic germ 
fg : (X,p) — > (C,0) has as an isolated critical value. 

Proof Let U be an open neighbourhood of p in X such that / and g have no critical 
points in U \ (fg)^ 1 ^). Let x 6 U \ (/(^) _1 (0), let <p : V — > W be a parametrisation 
of X \ {p} in a neighbourhood W of x in X, where V is an open subset in C 2 and let 
y = cf)~ l (x). As D<f)(y) : T y C 2 — > T X X is an isomorphism, then x is a critical point of fg 
if and only if y is a critical point of the map (fg) o <f> = (/ o 4>).(g o 0) : V — > R 2 . 

Let us consider the two holomorphic functions F = f o<f) ; V — > C and G = gotfi : V — > 
C and let us compute the jacobian matrix of the map (fg) o = FG at y = (^i, with 
respect to the variables zi, ~z~i, ~z~2- We decompose this map into its real and imaginary 
parts: 

(U(FG),%(FG)) = (l(FG + FG),±-.(FG-FG)) . 
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Then Jac(FG)(zi, zi, z 2 , z 2 ) is equal to: 

— G + ~F— J?~dG _i_ Q§E —G + F— JP~dG _|_ q§E 

dzi dzi d zi dzi dz2 8z2 8z2 dz2 

-i^G-Fm -i(F^-Gm -i(^G-F~m -i(fgL-G^ 

^ozi oz\> v azi ozi> \oz2 oz2> yj 022 022' 

Therefore the rank of Jac(FG)(zi, z±, z 2 , Z2) at (-21,-22) G V is not maximal if and only if 
the following four conditions hold : 

„„,dF8G dFdG, 



(4) , ^ , 2 = ^ 2 8G_dG_ ^ 

dzi dz 2 dzi dz 2 

Assume that (zi, z 2 ) G V \ (FG)~ l (ti) is such a point. Then (1) implies 

dF, ,dG f , OF f . dG . 

— (z uZ2 ) — ( Zl ,z 2 ) - — {zilZ2 ) — {zuZ2 ) = , 

i.e. (zi, z 2 ) belongs to the critical locus of the germ (G, F), and then <f>(zi, z 2 ) belongs to 
the critical locus C of (G,F). 

Now assume that fg does not have as an isolated critical value. Then there exists a 
branch 7 of C in U which is not a branch of /5'~ 1 (0), and a sequence {x n } ne -^ of points of 
7 \ {p} converging to p which satisfy that for each n G N and for every parametrisation 
(j) : V — > W of X\{p} such that i„ G FT, the rank of Jac(f~go4>)((l)~ l (x n )) is not maximal. 
Let us fix a parametrisation (J) : V ^ W oi X \ {p} on W such that is a contractible 
open subset in X \ {p} such that 7 \ {p} C W. Let us set (3 = _1 (7 \ {p}), F = f o 0, 
G = go(f), and for each n G N, (^,1,^,2) = and K,fn) = (fi^n), f(x n )). 

Let a G A be such that A a = (<?,/) (7). According to the definition of the discrimi- 
nantal ratio d Q , the curve A a admits a Puiseux expansion of the form : 



u 



Then = o F)\p, and for each point (-21,-22) of the curve f3, the linear maps 
DG(zi,z 2 ) and Dfif o i* 1 )^, 2:2) coincide on the complex tangent line Tr zljZ2 \/3. Set v = 
F(zi, z 2 ) and let h G T {zijZa) P \ {0}. Then £>G(2i, z 2 )-h = ^'(v)DF( Zl , z 2 ) • /i. As (z u z 2 ) 
belongs to the jacobian locus of (G, F), for all (z±, z 2 ) G f3 one obtains: 
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This holds in particular for each(z„ 5 i, z n ^),n G N. 

Since / and g have no singular point in U \ (fg)~ l (0), then for each n G N, either 

(f(V.V).f(V. z » 1 2)) ^ (0,0) or (gC^i,^),^^,!,^)) 7^ (0,0) . Then, 
perhaps after replacing {x n } ne N by a subsequence, one can assume that either 

(a) for all n G N one has (§^{z n ,i, z n , 2 ), ^(z n ,i, z n ,2)) ^ (0, 0); 

or 

(b) for all n G N one has (g(^,i, z n>2 ), g(^,i> ^,2)) 7^ (0, 0) . 

If (a) holds then (2) implies that for all n G N one has |^(t) n )| = \v n ^'(v n )\, where 

V n = f(Xn), i.e. 

\ad a + ^2 b k(d a + —)v n ™\ = \a + ^ b k v n ™ | , 

for all n G N. Taking the limit when n — ► 00 leads to \ad a \ = \a\, i.e. d a — 1. 
Condition (b) also leads to d a = 1. | 

The following result is a generalization of ( 26 , theorem 5.1), which treated the par- 
ticular case where X = C 2 and / and g have an isolated singularity at 0. 

Theorem 6.2 Let (X,p) be a singularity of normal surface and let f : (X,p) — > (C,0) 
and g : (X, p) — > (C,0) 6e two holomorphic germs without common branches. Then the 
following conditions are equivalent 

( i) The real analytic germ fg~ : (X,p) — > (R 2 ,0) has as an isolated critical value. 
( ii) The multilink Lf — L g is fibred. 

( iii) Let n : X — > X fre any resolution of the holomorphic germ fg : — > (C,0). 
For each rupture vertex (j) of the dual graph of n, vrJ- — m 9 - 7^ 0. 

Moreover, if these conditions hold, then the Milnor fibration -Mr : Cx \ (Lf U L g ) of f~g is 
a fibration of the multilink Lf — L g . 

Notice that this is Theorem 2 in the introduction. 

The key point of the proof of ([2Ej, 5.1) is the theorem 1.1 of ^H], which relates 
the determinantal ratios of the germ (g,f) : (C 2 ,0) — > (C 2 ,0) with some topological 
invariants of the meromorphic function f/g. The key point of the proof of theorem 16.21 
is the following generalization of (|18j. theorem 1.1). 

Definition Let n : X — > X be any resolution of the holomorphic germ fg, let T be the 
associated resolution graph, and let (1), . . . , (r) be the vertices of T. For each i — 1, . . . , r, 
let m{ (respectively m| ) be the multiplicity of fore (respectively gon) along the irreducible 

component of the exceptional divisor vr" 1 ^) represented by (i). The contact quotient 

f 

associated with (i) is the rational number — §-. 



28 



Theorem 6.3 (11$ , Theorem 0.3) The set of the discriminantal ratios of the germ (g, f) : 
(X,p) — ► (C 2 , 0) equals the set T of contact quotients of (g, f) associated to the rupture 
vertices of a resolution graph of the germ fg. 

Notice that the set T does not depend on the choice of the resolution. 

Proof of I6.2I Bv I5.21 if fg has as an isolated critical value, then the multilink Lf — L g 
is fibred. 

Let 7r : X — > X be a resolution of the holomorphic germ fg and let V be its dual 
graph. Let (1), . . . , (r) be the vertices of Y. Let us denote by 7Z the set of rupture vertices 

of r. 

Assume that the plumbing multilink Lf — L g is fibred. Then, according to 14.21 f° r 

/ / 

each vertex (j) G 1Z, mj ^ m 9 ^ i.e. ^ 1. But is the contact quotient of (g,f) 

associated with the vertex (j). Then, according to 16.^ the set of the discriminantal ratios 
of the germ (g,f) does not contain 1. Therefore, by lemma IFTT] f~g has as an isolated 
critical value. § 

7 Realization of fibred multilinks by singularities : 
results and open questions 

A natural family of questions, which can be called "realization questions", arises in the 
study of the topological properties of singularities. Roughly speaking, a realization ques- 
tion asks wether a given topological object (e.g. a link in S 3 , a fibred multilink, a dif- 
feomorphism of a surface, ...) is realized by a singularity (e.g. as the link of an analytic 
germ of function, by a Milnor fibration, as the monodromy of a Milnor fibration, ...). 

In [3j, it is proved that all knots (in fact all links) are algebraic in the following sense. 
Let U C S k ~ 1 be a compact smooth submanifold (with boundary) of codimension > 1 with 
trivial normal bundle. There is a real algebraic set Z C R k with an isolated singularity 
at the origin such that for all small e > the pair (S^" 1 , S^ 1 n Z) is diffeomorphic 
to (S k ~ 1 ,dU). If U is a Seifert surface of the knot K in S 3 the theorem yields the 
result stated as title of the paper, i.e. 'All knots are algebraic" (see also [2B])- More 
precisely, for each link L in S 3 , the algebraic set is the fibre / _1 (0) of a polynomial 
function / : R 4 — > R 2 such that f(0) = 0, and the pair (S 3 , L) is diffeomorphic to the 
pair (S e , Lf) where Lf = / _1 (0) D S e , < e << 1 is the link associated with the analytic 
germ / : (R 4 , 0) — ► (R 2 ,0). 

This section is devoted to the following realization question : given a plumbing 3- 
manifold M and a fibred multilink L = n\k\ U . . . U niKi in M, does there exist some 
holomorphic or real analytic germ / : (X,p) — > (C,0) from a germ (X,p) of a complex 
normal surface (X,p) such that (M,L) is diffeomorphic to (Cx,Lf) ? 

We recall the convention introduced in Section 4 : in this paper, the Seifert pieces 
of any plumbing manifold have all orientable basis and the plumbing operations are all 
positive. 
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In [27], using a realization result of G. Winters [31] for degenerating families of com- 
plex, we prove the following realization result for positive multilinks : 

Theorem 7.1 Let M be a plumbing manifold and let L — nxk\ U . . . U niK\ be a multilink 
in M such that U{ > for all i — 1, ... ,1. If L is fibred, then there exists a normal 
complex surface singularity (X,p) and a holomorphic germ f : (X, p) — > (C,0) such that 
the pair (M, L) is diffeomorphic to the pair (Lx, Lf). 

Remark The condition "L is fibred" is easy to check from any plumbing graph T of 
(M,L) using Theorem 14.11 Also notice that the conditions 1) and 2) of 14.11 imply that 
the intersection matrix Mp is negative definite, i.e. Grauert's condition for M to be 
homeomorphic to the link of a normal surface singularity. 

As an immediate consequence of Theorem 17.11 and Theorem 16.21 one obtains the fol- 
lowing realization result, which is Theorem 3 in the introduction : 

Theorem 7.2 Let M be a plumbing 3-manifold and let L\ and L2 be two plumbing mul- 
tilinks in M with positive multiplicities which verify the following conditions : 

1. the three multilinks L\ U (— L2), L\ and L2 are fibred; 

2. M is either S 3 or homemorphic to the link Lx of a taut surface singularity (X, p) . 
Then, there exist two holomorphic germs f,g : (X,p) — > (C,0) without common branches 
such that Li (and L 2 ) is the multilink of f (respectively g); L\ U (—£2) is the multilink 
associated to the real analytic germ fg : (X,p) — > (C,0); and 



is a fibre bundle that realizes L\ U (—L 2 ) as a fibred multilink. 

Notice that if L\ U (—£2) and either L\ or L 2 are fibred, then the third link is also 
fibred. As already mentioned, the condition 1 implies that M is homeomorphic to the 
link Lx of a singularity of a normal complex surface, but in general (X, p) is not taut, 
i.e. the analytical type of the germ (X, p) is not unique. 

In the following two situations the realization problem remains open : 

1) The condition 1 in 1.2 is verified and M is homeomorphic to the link Lx of a singularity 
of a normal complex surface which is not taut. In this case, Theorem 17.11 implies that 
the multilinks Li and L 2 are realized as the multilinks of two holomorphic germs / : 
(Xi,pi) — ► (C, 0) and g : (X 2 ,p 2 ) — > (C,0) respectively, but in general, X\ and X 2 
cannot be chosen with the same analytic type. Therefore the germ fg may not be defined 
and, a priori, the multilink link L\ U — L 2 might not be realizable as the multilink of a 
real analytic germ fg by this method. 

2) The link L\ U (~L 2 ) is fibred, but the multilinks L\ and L 2 are not fibred (e.g. the 
multilink L 3 U(— L4) of example 4.9). According to |2Zj, since has positive multiplicities, 
then rrij > for all j G {1, . . . , r}, where 



fg 



: £x\(iiU(-I 2 )) 



S 



1 



\m 



(m 



1 ? 



. . . , m. 



«,) = -(M r )" 1 t b(L i ). 
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Therefore Li is not fibred if and only if there exists j G {1, . . . , r} such that (jL Z. 
Since L\ U — L 2 is fibred by hypothesis, then for each such j, m>p — m^p G Z. 
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